AD-A156 763  STRESSES AND DISPLACEMENTS IN & FOUI

UNCLASSIFIED

MITH FIXED BOTTOM, . (U) CENTRE DE RE
L' INSTITUT SUPERIEUR INODUSTRIEL CAT
| F VAN CAUMELAERT 30 APR 85 R/D-49

R LAYERED SYSTEM
CHERCHES DE

HO. .
28-EN-01 F/G 9/2




-1

HEEEE ,.,_____ |
dAdaaay IM

=] .l 0 \
=0 =0 S







CENTRE DE RECHERCHES

DE L'INSTITUT SUPERIEUR INDUSTRIEL CATHOLIQUE

DU HAINAUT

Stresses and Displacements
in a" four layered System with fixed Bottom

Contract: DAJA-85-C-0013

'nTIs GRASRI

Accession For

DTIC TAB
Unannounced
Juotificatl

Distribution/ a

Avail and/or
Dist Special

Availabili;y 00§es

-l

Intermediate Report by
Dr. Ir. F. Van Cauwelaert
Head of the Department of

civil Engineering.
Director of CERISIC.




R

Stresses and Displacements in a four layered system with fixed bottom. |

Table of contents.
Introduction 1
| 1. The interface conditions 2
1.1, The partial friction condition 4
1.2, The fixed bottom condition 10
1.2.1. Basic equations 11
1.2.2. Fixed bottom expressed by mechanical condition 12 ’
1.2.3. Fixed bottom by geometrical and mechanical condition 12 é
2. Solution of particular numerical problems 16 i
2.1. The full slip condition 16 :
2.2. Over- and underflow problems 19 f
L 2.3. The vertical deflection at the surface : 21 f
2.4. Convergency in the first layer 26 !
2.4.1. Stresses and displacements under an isolated toad 27
/ . 2.4.2. Stresses and displacements under a uniform load 28
2.4.3. Relations for the radial stress 28 !
2.4.4, Relations for the vertical stress 29
2.4.5. Relation for the shearstress 29
2.4.6. Relations for the vertical displacement 29 !
2.4.7. Relations for the horizontal displacement 30 f
2.4.8. Resolution of the double integrals 30 ] f
2.4.9. Resolution of the Lipschitz-Hankel integrals 31 ;
2.4.10. Expressions for computations in the axle 32 : {
3. The complete algebraical solution. 33 |
3.1. Algebraical analysis of a three-layer system 33 }
3.1.1. Boundary conditions of the system 33 ‘
3.1.2, Solution of the system of 10 equations 34 ;
) 3.1.3. Relatfon for the vertical deflection at the surface 41
3.1.4. Comparison with existing programs 42
. ":T.a:‘"‘".’" - — i T._ - : - st it A o f 'x!-




gl

3.2. Alpbraical analysis of a four-layer system
3.2.1. Boundary conditions
3.2.2. Solution of the system of 16 equations
3.2.3. Values of the parameters Ai’ D1
3.2.4. The deflection at the surface
3.2.5. The stresses and displacements in the first layer
3.2.6. The stresses and displacements in the 2nd layer
3.2.7. The stresses and displacements in the 3rd layer

References

44
44
46
60
62

64
66

67

st I e i

TN i e,

e

i
|




0

STRESSES AND DISPLACEMENTS IN A FOUR LAYERED
SYSTEM WITH FIXED BOTTOM

Intermediate report.

\ Contract: DAJA-85-C-0013 April 30, 1985.

J
Introduction. ;72,; yﬁacum&"tg_jﬁffiiiéﬁf)

The“research. work necessary to fullfill the requirements of the contract
that must lead to the establishment of a computer program able to
calculate all stresses and displacements in a four layered system with
fixed bottom submitted to a series of loads, is based on:

- existing material: {sotropic multilayér theory (BURMISTER, 1943)
and anisotropic multilayer theory (YAN CAUWELAERT, 1983);

- original research work: interf conditions (fixed bottom, partial
friction) and satisfactor nvergency at the surface and in the
first layer of the s

This intermediat port will only deal with the original research work

that had e performed. The required original research is completely
nated, which jusitifies this report, and at an entirely satisfactory

level as will be shown.
This report contains three parts:

g~l)A complete discussion of the interface conditions.
J

q/ﬁﬁhe demonstration that satisfying convergency can be obtained, and in
the meantime overflow problems can be eliminated, if the equations are
written in closeform altpugh in a sufficient comprehensive form so that
the whole problem can sti11 be overlooked but in such a way that all
numerical problems can be solvefi On A

ar3The complete algebraical analysis leading to the equations in extended

form for an isotropic four-layered system. The analysis is also developed
for a three-layered system to enable us to compare and to check the

results with those obtained by means of reliable existing programs. <:,
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1. The interface conditions.
The stresses and displacements in a layer of a multilayered system are obtained
for an isotropic body from following stress function (BURMISTER, 1943):
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a is the radius of a uniformly distributed circular load A
P is the value of the vertical pressure
ris the horizontal distance from the axle in a cylindrical coordinate system
Z is the depth
0z is the vertical stress |
0 is the horizontal radial stress
Tez is the shearstress
w is the vertical deflection ‘ 1
W is the radial (horizontal) displacement ‘
Ei is the Young modulus of the concerned layer
}4.‘ is Poisson's ratio .of the concerned layer
Ai, Dy are unknown parameters to be determined by the boundary conditions
Jo is the Besselfunction of the first kind of order zero
J, is the Besselfunction of the first kind of order one
rm is an integrating parameter
In the case on an anisotropic body they are obtained from (VAN CAUWELAERT, 1983): !
|
J - Siz - z |
CF ?a) Jo(mf') (MR) IA énz B mz N C| ™m i &m:l dm :
This stressfunctwn differs fundamentally from the preceeding one: indeed in ) I
putting s. = 1 in it, we do not obtain the stress function for the isotropic case. {
I We conclude that the two cases must be handled in a separate way. ,
The stresses and displacements are given by [
. L2 2 -Vuz :
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where

N = EvyE hi is the degree of anisotropy, the ratic between the vertical
and the horizontal Young modulus of the concerned layer
is Poisson's ratio expressing a strain in the horizontal plane

induced by a stress in the vertical direction

is the index of anisotropy.
i

- W
1.1. The partial friction condition. ’
|

Let us consider a n-layered system, consisting in (n - 1) layers of a finite

thickness built on a semi-infinite body. f

For each layer exists a stress function h(A; B Ci Di) with 4 unknown parameters:
!

the total of unknown parameters is 4n.
Two parameters depend on the shape of the load at the surface {

(T'z = T'(P) ?or réa

At infinite depth stresses and displacaments must vanish and thus /\r, and C:n = O. S
We remain with 4n - 4 = 4(n - 1) parameters to be determined with 4 conditions :
at each interface. '
The hypothesis is introduced at this stage that under effect of the load, the ‘
layers remain individually fully in contact, which is expressed by imponing taht !
at the bottom of each layer and at the surface of next layer vertical stresses }
(0 ), shearstresses (Crx ) and vertical displacements (w) are identic.
The fourth interface condition depends on the relative adhesion in the horizontal
plane between the considered layers.
The two extremes are

- full continuity, expressed by setting that the horizontal displacements (. )

" are identic;
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- frictionless interface, by considering the interface as a principal plane
and thus by setting the shearstresses equal zero.

Partial adhesion has been temptatively introduced by several authors, utilizing,
in the same way as WESTERGAARD (1926), a relation between horizontal displace-
ments and shearstress:
K(L\—\—\A-'w»t)'—‘ Trz;
where uy is the horizontal displacement at the bottom of the i-th layer and Uil
that at the surface of the (i + 1)-th layer.
We shall prove that such a relation cannot be correct in the case of a multilayer.
One has, for an isotropic body, following relations between displacements,
shearstrains and shearstresses:
o, O e - [aeR)E DT
Oz NT
.t QWi - A+ W) JE ) Tezy
R e e L A

We know from the boundary conditions that

Wi = Wis Trz; = Lraiy
This is true evenwhere on the interface so that we also can write that
Rw, _ (WWin
nr  Nr
By substraction we obtain

i _ Dwim 2
% RZ

Arpi _ Arhin Trz; = R Tez;
E'i E'Ii-l

We can thus write
A (\{7 0 _ Wi+ - w (ll\.\ -U\‘l-h\)
h‘ QI Q'z—
This relation must be satisfied for all values of the parameter m, so that

one must necessarily have that
k m‘A\h\ 2 Wipa

R (Q_M'—‘- e Wi v
Y oz ‘ R Rz
The solutions of those differential equations are
v ﬂ.hl/k
Wwi= é\‘/h-&(r) Wisa= © ’ F,(f)

Comparing those solutions with the relation above for the horizontal displacements
we conclude that the obtained expressions must be deduced from a stressfunction
different from the original one which is nevertheless the unique solution of the

]
\
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compatibility equations. Comp atibility is thus not respected and relation
R(wi-win) = Trz cannct be accepted.

Our meaning is that the only way to express partial continuity (or partial
adhesion) consists in writing

with & & [o,=].
When k = 1, one has full continuity
When k # 1, one has partial continuity.

It is necessery now to give a physical sence to the parameter k.

Excepted the extreme case of a frictionless interface, there will always be
some friction between the layers at their interface.

We rely then our approach on Coulomb's definition of friction. If ¥ is the
angle of friction at the interface, there will be no sliding (in the geotechnical
sense of the word) between the two layers as long as Tyz < T2 ’f‘}‘j-

The 1imit value for k, at which sliding due to shearfailure will occur, is then
given by Tr2/q, = bap-

Beyond this value of k, shearstresses vanish and the interface has to be
considered as frictionless.

We must of course take into account here the stresses due to the wheel load
but also those due to the own weight of the layers above the interface, which
reduce to vertical stresses only.

The final relation becomes then

Tea (rra“-c) _ t}‘f

rz(‘\'fo**{c) + Tz(hn&ff)

The values of the stresses due to traffic varie with the distance to the axle
of the load.
We carry then the calculations out in two steps:
- we calculate for different values of k the maximum value (function from
the distance from the axle of the load) of the ratio T /¢~
- we determine the 1imit value of k in function of tg‘f'

As an illustration of the method, we have taken the most simple case, that of an
isotropic two-layer system, with H the thickness of the first layer.
For simplicity we take r». a V"= 0.5

-
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A, Bz B, Cim=Ci, Dim= D,

We write Aimt
F= E,(atp) _ E
E-,_ (A+PI) EQ_
e Sk W Eo
E,(/\-l»ru) 1

The boundary conditions are then:

At the surface (z = 0):

2=h AxrD =
Trz =0 A, -B, +C, + D, =0
At the interface (z = H):
G, ACM. B e,y wnp e
= %M, wnp,e™f

1'11=1r21 A\(., H_. B‘EWH + (4“'“« H)C,Q\.M ¥ (/\—WH)D,C
- M
S WA PEWETHE Mes

éWH

W, = W, A\éf"}*-. E5'€;MA+* + wa ¥ Cﬂ¢¢~\F' - Vv\},JDp
- Fl- b=t wnpevt)
- wH
LL\:X\J:' A|wa’H 3> b‘Q:“H +KA+\V~H)C\Q.‘MH—‘4"MH)D|Q-

= L] oo™ (aowel) Do)

Solving the system of 6 equations, one obtains at the interface (z = H):

Tz = 9\?& )‘03; (m r) 3‘ (m A) 1'(_4~MH)(A—L)€:3~“+ (A+MH) (/\“'L)Q:MHJ ﬁv.“
Liz = ﬂp;)':"x () Tne) [ (=P s (arF) M) =

V = (r-F)(o L)edmty o 1(4-1=L) “ImH(F-L) & 7.“:»’(441));1”.&
v (1F) (D)
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We have performed the computations for different values of H/a, with a = 10 cm,

p = 0,6 MN/m2 and EI/EZ = 10. We have considered a specific weight of the T
first layer of 22 kN/m3.
The results ar given on figure 1: in abscissa one finds the values of the
ratioY/g- and in ordinate the relative thicknesses.
The curves give for different values of k the maximum value of T/¢.
Fig.1
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This is practically impossible.

One could of course be tempted to interrupt the integration procedure when the
first integral has converged to a satisfactory level, "hoping" that the second
integral can be neglected at that moment.

To illustrate the danger of such an approach we return to the semi-infinite body.

In the case on an isotropic body, the deflection at the surface and the vertical
stress at a depth z are given in the axle of the load by

o4
we -po HZET ) SR, =

0z = ‘3“') J,(ma) (,4_yyvx)1iyhzblu~

o

()

Those integrals can of course be solved analytically

2(a- ) 4)
W= -po -—EE;"‘ (

22

Ta= p { T (03+1")3/1 )

We can compare (2) with the second integral of (1) and (3) with the first
integral of (1).

We perform then a numerical integration of (2) and (3) and stop the procedure
when (3) has converged to a satisfactory level, which is easily checked by
comparing the obtained result with the correct one given by (5)}.

The difference between the numerical result for w obtained at that moment

by integration of (2) with the analytical result given by (4) will give us an
illustration of the possible error when integrating (1) and stopping the
process when its first integral has converged.

This difference is illustrated in figure 2,

In abciss, we have the convergencylevel adopted for the vertical stress and in
ordinate the error, expressed in %, on the values of the vertical stress and
the vertical deflection.

One sees that for even such low levels as 10'3, the value of the vertical stress |
is absolutely correct, while the error on the deflection varies between - 5%
and + 8%, depending on thechosen convergency level and the relative depth at
which the vertical stress is computed; worst of all is that we have no
means to predict either the direction either the amplitude of the error ony,

oy -
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2.3. The vertical deflection at the surface.

When one computes the deflections at the surface, convergency is obtained
only very slowly.

To illustrate this let us look at the expression of the deflection at the
surface developed in § 2.1.

2pd )" 3a(nr) Ti(me)

Wa-
P —

' o

~2mH
g.mH_ (_7_F_A~2MH) —(_/\-F) cim A

F@mh, (2F-A)2mH - (Ar 2 W) ¥ (r-F) 2

To avoid overflow problems we divide numerator and denominator by e2mH

2(a-p1) |* To(mr) .3, (m%)
po=g—

m

Wa -

t L~
_2mH
F - (2Fﬂ4-2m“)€m‘*~ (-F)e ™

~ImH

F+ [(2F- 2)2mH - (A+2u}Hz)_]e_ > (44:)54‘“ H

Am

For large values of m, numerator and denominator tend both to F, so that for, {
let us say m = m s the expression above could be written as follows:

2(ap) [T Jo (mr). J\(m )
) wy .

o
- ~4nH
F -(?.F-A—2m“)elwu" (a-F)e™

Fo [(2F-1)2mb- (A2 W) ) (4 -Fyedn?

W:-}a

201) | Telwn) Tme) g, ) |
E, ™ ‘
ML

—.PIK

The first integral converges fast, the second converges proportionnaly to 1/m.
This means that if one should want a result correct at 10'5, one has to perform
the numerical integration of the second integral until values of m above 100,000!

———— e . - - - -
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Underflow will obviously occur now, but most of the computers have a routine 1
that sets variables subjected to underflow equal to zero. If such a routine

does not exist, it is very easy to build it into the program.

But more interesting is the fact that, having transformed the relations for

C1 and Dl’ convergency will occure quite quickly and in a complete safe way:

the numerators both tend to zero, while the denominator tends to a constant F,

This can be obtained atomatically in writing the boundary counditions at the

surface (z = -H) as follows:
-3mH - - -wH _2ub
A‘e—3M ¥ B‘tm'i C. (4° 1}~-*MH)€'3MH* ‘D|(:\.-'2',.,—Mn)e = e

wmh _
=90

AP g omb e, (2».-»\)4){3"””*— D,(2p+mbP)E

However this isonly true in the case of a two-layer system.
In a three-layer with Hl’ the thickness of the first layer, and HZ’ the
thickness of the second layer, occur exponents such as

e-zmH..:lmHg and élmh‘.Qsz_

But they eliminate when writing the denominator in closeform so that dividing
the expressions by the largest out of e2mH1 and e2mH2 is €nough. If one

should divide by o2mH; . 2mH, , the denominator would also tend to zero, which

should stop the program because of dividing by zero. |
Here is another reason for writing the equations in closeform for three-

and more~layers.

e

¥ .

-"P i - -
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2.2. Over and underflow problems.

During the integration procedure m varies from 0 to a value high enough to
ensure convergency. We mean by this that the integration procedure can be
stopped from the moment on that the terms of the series become so small that
they have no more influence on the final result and can thus be neglected.
Practically, however this means that m can reach quite high values such as
20 or 30 for example.

To illustrate the influence of this, let us go back to the two-layer

developed 1in the preceeding paragraph.
The values of C1 and Dl’ from which the values of all the other parametrs

can be deduced, are

) ‘.(4-? rmh) e’w\\'\ - (’\“F) Q:MH)

C, =
e-Zwu\')

FE™P | (2F-4). 200 = (4+2w W) 4 (4-F)
[Fem? = (F-mm)e™P]

) XA (2F-1). 2mH - (4*'lw~‘\41) + (A-ﬂéz”‘n

Dl

The geometrical unities are generally expressed in function of a, the radius

of the load.

Let us consider H/a = 5.
One immediately sees that no computer can handle exponents as e"'H/a and e2mH/a

without overflow occuring for values of m above 10.
However this problem can easily be solved by dividing both numerator and

denominator by e2mH:

[(4- Fﬁ-MH)e:M“- (4-‘:);3‘“”_)

C =
\ F-s [(ZF-A).')MH - (4% 202 H’-})é’»MH_\_ [4-‘:) C-AMH

[Fe™Y o (F-mB)&>P]

D -
F o [(2F-A). 2mh - (4+ 202 0) ] €2 4 (4-F)e 4P

- B e -
. o= >

!

o :
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Replacing Al’ Bl’ C1 and 01 by their values, the deflection becomes

W <po 20 J‘ Ty(mr) 3,6n0)

\ a ™

-2w.H
[ F&™P _ (aF-a-2mH) —(4-F)& }dh
2mH

-2wH
< x> (_IF/A)ZMH -(4+2w\7‘Hz) 4 (A—F)e 2w
At the origin of the integration (m = 0), the term in between brackets

becomes indefinite: 0/0.
This has no influence when computing stresses, because the Bessel functions

products occuring here are also zero at the origin: Jo(mr).Jl(ma) =0

for m = 0.
But in the case of the deflection

M T,(Mr).J.(MA) -

"o wm 2.
It is therefore absolutely necessary to have the term in between brackets
in close form to be able to determine its value for m = 0..
The importance of the first term of the series is not negligible: for m
the term in between brackets is equal to Eu-(4-}3) / [Ea. (4-p1)].

If h is the interval choosen for the numerical integration, one can then write

=0

) [ EaGed) | b +)3etwm--> 4
We pe = T i k—-—q:.——[ JES

and, if we make a semi-infinite body from the two-layer (E1 = Ez,}~\=\~1):

w=-PuQ’(A-EY) { };— v ) 3"("'3;—3‘-('““-)L Jotm

Comparing this expression with that for the deflection at the surface of

a semi-infinite body

Wy = —-b"‘-ch‘V}) /E
one concludes that the contribution of the first term h/6 is indeed not negli-
gible, especially when we have in mind that the only practical measurement

that can be performed on a real roadstructure is the vertical deflection

at the surface.

1
J
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At the surface (z = -H): ~
e+ Be_ . C, (A-—Z.pﬂ'MMH)c. 4- D, (A— YTV 4 ‘
-WH- 9 3 C| (.l-’*u’MH)e‘ * Dl (%.‘MH)QW

At the frictionless interface (z = 0):

A'* ’b| "C‘ (4"2**!) + Dn("-z-'*l) = DI. + D? (‘4‘2"“1)
A“ b. 3 ?-)A\c—» * ’2—}4\.3.:&: 4
-'bz"'z-'ml])q_::o
Adp TA _p - 2C, [(4-) =2D,(4-a,
==[A- (4-2) 2D, (4-20)) |
w “Abpr 1 iy 1V !
= LoD, ~2Da (4 2»):)

Solving the system for C, and Dl’ one obtains (BURMISTER, 1943)

w -wH A j
C,= [(A-— F +mH)e v (2-F)e J -‘—7-' |
b - '

b [ F- (Pt A
where !
.

-2w.H
7. F"P. (2F4).2mH - [ar 28B4 (a-F)E"

g1.(4+yq
Ea (4t)p?)

(A-p2) + nfa- ) e
2 (- 1)

F-

A, = C\ (F’ ZY') = 3' ('A-F)
B\ = CF - ‘DI(A"I*’"-P)

The vertical deflection at the surface is |
2wl |

wa ‘,,\.1__21 3‘ (mr) T,(wn) I;,‘ 1 -u»\{_ wle
E, w {f

H i

W (2mdpem e B) Do J b | [r

<3

~ (2-4p ¥ n)c,mt

v.,;.
e



I.R.16

2. Solution of particular numerical problems (convergency-preblems).

2.1 The full slip interface condition.

The value of any stress or displacement is obtained from one of the above
mentioned relations,
Let us consider, for example, the vertical stress in the i-th layer of
an anisotropic layer:

2 = por \‘0 Jolrr). T, (o) [miar i) (Aiwe™ s Binde™)

Q
* i (nv i) (C'\Si we ™y Dis '“1“:‘”1)3&"“

The integration can only be performed numerically.
Thus one must calculate the value of the stress for a set of values of m
growing from 0 to a value high enough to ensure convergency.
For each value of m, those of the parameters Ai’ Bi’ Ci and Di must be
determinated out of the set of boundary counditions, a system of (4n - 1)
equations with (4n - 1) unknowns in the case of a fixed bottom and n layers
above it.
The first programs solved this problem by inverting the matrix of the
(4n - 1) unknowns. Nevertheless the inversion procedure leads in some
cases to unsoluble . difficulties because of the presence of the negative
exponents tending to zero in the determinant of the denominator.
Other programs have tried to avoid the inversionprocedure as follows: one
chooses appropriate values for Bn and Dn’ goes trough the whole set of
equations and verifies in how far the surface conditions are met. One
then chooses another pair of values for Bn and Dn and follows the same
procedure. Since the whole process is linear, the correct values for Bn and
Dn can finally be obtained by linear interpolation after two runs. The
difficulty lies in the appropriate choice of the values of Bn ard Dn to
ensure a numerically correct interpolation.
However, even those programs are not entirely appropriate for the cases with
frictionless conditions at some interfaces.
We shall show this with the most simple case, that of a two layer.

writing A, Di,Ci Di  instead of Ay, Bim' ,Cim, Dim, the boundary
conditions are in the case of two isotropic layers, with the origin (z = 0)
at the interface, the thickness of the first layer being H and the second
layer semi-infinite:
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We also conclude that the relative influence on the deflection is much more ]
important when we fix the horizontal displacements (u = 0). This should

be the case in a laboratory testpit with lateral walls, but less in the

case of a real road where lateral movements are not restricted.

The relative influence of the conditionl, = 0 is also more important than
that of the condftion w = 0, altough less important than the condition u = 0.
It seems nevertheless very unlikely that there would be no friction between
the subground and the last layer.

The easiest way to fix the bottom from a mathematical point of view is on
the other hand the condition w = 0.

Taking then into account the 1ittle influence of the chosen condition on the ;
deflection at the surface and the fact that conditions u = 0 and Trg= 0 ‘
have less physical sense, we shall retain the condition w = 0 as the most

indicated fixed bottom condition.




I.R.14

The deflection at the surface is given by the same relation as above with the
appropriate value for C. 1

One sees that in the 3 cases, the deflection is composed of a first term

ol
_ S(A-n) J.(an) s(a-n)
Wes = Pa E(4-$5) ), (M dm = po E (1-9)

This term is the deflection on top of a semi-infinite body.
In the case of an isotropic body, one has (n = 1):

Wea s-P&. l_e‘éﬂ

The second term L depends on the choosen boundary condition; but in
the three cases it reduces the value of w, because of the fixed bottom:

We have computed the values of w,and w . for different values of H/a. The
results arg> given below, at a factor(sp) /g, for s = 0.5 and for the isotropic case.

s = 0.5 W, = 1.025
H/a W, (Trz= o) W (M_z o) W, (w=0) ;
1 0.339 0.729 0.153 ,
2 0.120 0.295 0.043 !
3 0.058 0.147 0.019 '
4 0.034 0.086 0.011 ;
5 n.022 0.057 0.007 :
6 g.015 0.040 0.005 :
7 0.011 0.029 0.004 |
8 0.009 0.023 0.003

9 0.007 0.018 0.002 g
10 0.006 0.015 0.002 /
n=1 Wp = 1.000 i
1 0.402 0.934 0.276 5
2 0.143 0.442 0.086

3 0.069 0.231 0.040 ,
4 0.040 0.138 0.023

5 0.026 0.091 0.015

6 0.018 0.064 0.010

7 0.013 0.048 0.008

8 0.010 0.037 0.006 H
9 0.008 0.029 0.005 7
10 0.007 0.024 0.004 w

We conclude that from a depth of about H/a = 5, the absolyte influence of the :
fixed boundary is negligible. This influence will stil11 be much lesser in the |

case of a roadstructure where the E-modul{ of the layers are sensitively higher }
than the modulus of the subground. !

It et e - L e e T TR T *'—E

-
'

S - M : = ‘ — ey -
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We now choose an appropriate function f(r) so that w becomes zero for z = H. .

F(r) - - ...h Pg‘ 30('”')3-(”‘ ") [n(«px)(A ‘e MH m’éwH)

R S LR S I
(4+p)

The final expression for the deflection is then

W= W, + ‘f(")

One verifies that Hr) is indeed only a function of r and that w = 0 for z = H.
For the same reasons as those developed in § 1.1.2, one of the parameters
A or C must be zero.
The other paramter is obtained by a supplementary boundary condition ‘
(a wechanical condition):
- Trx=90  at the depth H
- W=o at the depth H.

If we still suppose S{4 and thus A = 0, one obtains in the case that Tez=© ;
-H»- -:Pm ’:QJHM

-

ns(n+p) Cs wd =
2@?“)" -J“M. (4~.§) (4+5) ~23Hm

The deflection at the surface is then
- {
S(a-n) Julam) |
P E(4—S> Leg (

-J“lm s -wH

3(&7‘0) S (”*Y) LS e
i e J — ) @*p) A-$
? -wH :
25(m-0 23 _¢ o
+ 3 (nrp) Csn’ Lm YA |
ass =smBb
Jm e s 25 I

In the case u = 0:

!

!

-:“m K.("”A)Jc - LA#Y')&J“IM) (ﬁ
~2sh L] !

Csm~
P e T ™™ fplns) - (oplas )
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1.2.2. Fixed bottom expressed by mechanical_condition_only

Referring to the stress and displacements equations given in paragraph 1, the

condition w = 0 at a depth H is written N 2 g

n(A-\—}A)(Am\J'“. Bmlénp.) + Ef_@_tt.)l CSM‘IJM - Psme ) =0

(a+p)
Replacing B and D by their values
H
a wH n(»\ﬂ)(M—)ﬁ) -mt 2ns (rp) -5 j
Am [n[aﬂw)e, - __(_;__;3—— e ¥ ______——-(A-J) e
Cswi ns]mt\zémn - 2""("'__*”5"‘“ y ns(4+5) "*Hzejjm‘j
A P 7= D)
-SW!H Ky -\MH
n 4 SR S -
smy) 4 e s

= Tn >

During the integration proces, the value of m tends to infinity, so that the
1imit expression of the equation becomes
]
Bim Y-_Am2 (A ™My Comis(mrpte™ | =0
™M = o0 '
This relation can only be satisfied by setting

C =0  when s> 1

A =o when s<£ 1

It is easlkly shown that in the case of an isotropic body, one must always have

C = 0, because of the factor z multiplying C in the $tressfunction.
Taking s{4 , C becomes : -SvH
T [OTTA A Y PV Rl

é: A —
-2imH

Csw'=
ns(nrp) Csm 2™ S L) aes) - (aes) (i) e

The expression of the deflection at the surface and in the axle of the

load[R(mr)=4 for r=o] is
s(a-n) dien

4 * 3, - :

—-eenecoasconcoenrcmscannenthacwlose

The vertical deflection at a depth z is given by
=
W= A:E""“J I_______‘{mr) L) [»[Aﬂ») (Awlcmql Bw}i'w")
2%

Y)S(V\"'] )1 (Csw‘-;.:‘mz- DSW\‘LQ:IM‘L)] AMA
(Axryv)

—

i

2
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But with the general solutions of the compatibility equations in multilayer |
theoéy, we can do it also in another way by expressing that w = 0 at the

desired depth and determinating the corresponding values of the parameters

An' Bn, Cn and Dn‘

Since there are thus several possibilities to express a same boundary

condition, it is necessary to compare the results obtained and retain the

one that seems the most appropriate.
To do this we shall consider the most simple case, that of the semi-infinite

body: the one-layer case.

EERR LT PP = pp-p LR -

Let us consider a semi-infinite anisotropic body submitted to a uniformly |
distributed vertical pressure at its surface.

The stressfunction is ‘

(b, Y,a r}’,gmr),}.(mm) [Ae,mz- B™, Ctmsz‘ D™ dm
o ™

The surface boundary conditions (fz=p >Trz=o, Z=o ) are deduced from
the relations given in § 1. for the stresses '

|

|
n(4+}~)(Aw3+ Bw\") * h(h-&}«)(Cszi- Dsm ): 4 [
NR) (Ard - D) + ns(nap) (Csm = Dsm' )= © | 1

Solving this system for B and D, one obtains ) 2 ‘-
N(A=S)(API) Btz - s + n(a+s)(Arp) A+ ns(nep) Csm J

N (A-5) (n+)e) Dsmz 4-2n (Aﬂ»)Aw}-n (A+S)(n+ ) o | '

The next step depends on the boundary condition that fixes the deflection
at a depth H. 7 J
i

« - —
————————
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1.2. The fixed bottom cbndition.

The boudary conditions discussed in previous alinea implicate that the last
layer of the multilayer is considered as a semi-infinite body.

One can also consider the case of a multilayer built on an undeformable body,
that thus any vertical displacement vanishes at the contact face with the
undeformable body: we shall call this a fixed bottom condition.

This condition can be introduced in several manners and thus demands a

detailed analysis.
A vertical displacement is obtained by integration of the vertical strain:

W= iaz.dl

It would not be correct to resort to an integration between limits, such as

W= fﬁ.dm

where H could, for example, be the depth at which we want the bottom to be fixed.
In doing so. we would ignore the contribution (zero or not) to the vertical
deflection (or displacement) due to other parts of the body that we neglect

by integrating between specified limits.

The correct way consists in writing (TIMOSHENKO, 1970):

W= Siz.dm * f(‘)

where Y(r) is a fonction of r only, and thus a constant regarding 2 , so that
by differentiating we obtain again
W _ £

LYy 4
By choosing an appropriate expression for ;(r) » we can obtain the bottom fixed
at the desired depth; by doing this, we introduce in fact a geometrical

condition fixing the reference level for the vertical deflections at the

choosen depth.
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Let us consider an average value of tg\f = 1.5, value utilized in the design of
continuously reinforced concrete pavements (Mc CULLOUGH, 1981).
We deduce from figure 1 the limit values for k:

H/a =1 k =0.20
H/a = 2 k =0.17
H/a = 3 k = 0.10
H/a = 4 k = 0.03

If we consider a surface layer built on a sand basecourse (v‘>= 3a°, Tax?z 6.5% ),
the 1imit values become:

H/a = 1 k=1

H/a = 2 k = 0.60
H/a = 3 k = 0.40
H/a = 4 k = 0.25

With our approach, the case of full continuity (ui = Ugips often called full
friction) becomes a particular case for which the angle of friction between the
layers corresponds with a value of k = 1. For other values of k we have
partial continuity (ui # Uipps what could be called partial friction or partial
adhesion).

We notice that for values of k smaller than one, ug is smaller than Ujep

This means practically that the lateral movements of the surface layer are
retained, for example by shoulders. Such a construction reduces the vertical
stresses on the subground which improves the 1ifetime of the road structure.
For values of k larger than one, uy is also larger than Uip1 Here the
lateral movements of the surface layer are easier than those of the sublayer,
as in overlayconstructions for example.

For the 1imit value k = 0 , one obtains alsole¢z = 0.

This case is called the frictionless interface.

For k = 20 , one obtains indeed —3mH

l(A\—M\*);wH- (A—MH‘)Q. _]E-z

Tz= 290 | To(me) T (™2 - dna
== E(m) ¢ )(E.-rn i‘"“+z§_2mH.E,-E.-2w'.‘H’.E.]é’-”‘"qs,&g

which is the value for €z in the case of a frictionless interface (BURMISTER, 1943)
as will be shown in § 2.1,




1.P.23

Z d4nbLy4
%vo” '-o” _ m-m,F o-o“ .
&
N .\n T;m
\\ / 86 ] ..Qm
z
0 \ 0047
M
/ «og
ﬂuQN /
/ 14 1%
2011
/
f 0041
. %V
] e —




I.R. 24,

The only way to solve the problem satisfactory is to split the expression

of the deflection in another way than the one we had done. 1
We first write the expression of the deflection with negative exponents only:
ol —-—
2(4-k) |7 T, (mr) T, (me)
W= -hoo —=— .
E\ ™
<
~2mh ~AmA
F __(1$,4-2mﬂ)z ~(A—F)€
- - )
F [(zF-Ju) 2mH - (A+ 20 HI))Q,ZMH ¥ (A—F)zl'm*
We then divide the numerator of the term in between brackets by the denominator:
l “
cpo B[ Tomr) o)
E | ™
L]
~2m M -An B
LD e H) W] (- Ao
A+ 2 - N
Fa [(2F-1)2mh - (A 22 H) 2R 4 (a-F)e AnH
and split the integral into two parts from which the first is integrable
analytically and the second converges in the usual way. {
For r = 0, one has
‘ 1
I J\(M“) Aa = 14
° ™
For r = a, one has
A
] Tofme). o (mn) L2
o w
For r{ a, one has 2
A T ) \ 1 . €2 P
J Io(mr)'\)tcm“im___ F(T’-TSA); S
rvon :

L]

where F is the hypergeometric function of GAUSS: b
o9
-8 M _w !
F(onbscs2)= = @Ok,
Y o ! (n - |

(a)“- u(ovm)(_oq-z) ....(o\-vn—ﬂ) (O.)°=4. X
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For r> a, one has L
.QJL(nnf).ﬁ'[nna) o A A ol
: do = —F(F T35
A ™ 2r
The obtained result will now be correct, while convergency is reached as
fast as for the other equations for stresses.
But again, if we are to be able to compute as indicated, we must have the
equations in closeform at our disposal, although in such a form that the
integral can be split.
!
(-
e
!
!
!
i
'
?\

|
|
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2.4. Convergency in the first layer.

As for the deflection at the surface, the numerical computation of the
stresses in the first layer, in fact nearby the surface, also converges

very slowly.
To illustrate this let us look at the relation for the vertical stress in

the‘ first layer (the equation is given in § 1.):

1 -mx

4= Y&J Je (mr) 3,(ma) [A\»\-le_”"‘-v We
-Cw (4- 74h.~mz)(:1D|m (A- 2., "W'X):h" -) Aha

We replace Al’ Bl’ Cl’ D1 by their values obtained in § 2.1,

-wH w\z
o:z-raJ Tomr) T, (wme) . F[A+m(H+z)]e,
-wl wma =3l wma -%“é-\mz
¥ L ]Q« .- 2 [' e‘b .e Y [_ Je, : T

The values of z are negative in the first layer (z = 0 at the interface).

The term
-mh \m'x A

arm(Hr2)] € C—
Fla+m(B+2) v
converges very slowly for values of -z nearly equal to H, the other terms

converge normally,
To solve the problem created by the first term we divide again numerator by

denominator:
-wH —IM'L

F[_4+m(H+'zB)e:MH. e™. -:‘—V—-= k (We))e

™ )
~'“" gl “(w -A)2mH- {44 2l W):)e-l M, [2-Fe M“‘

{_A-}\M(H*")}
Fa [(2F-2mh = (102D € (a-F) A

The second term of the second member converges normally so that we can again
split the integral in several parts from which the one that converges slowly is

Pu r:)}(mr). Ji(me) [4 #m(\'\ﬁ'i)) ™ " e
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This integral is known as a LIPSCHITZ-HANKEL integral. but only some
particular cases are integrable analytically. To solve the problem for

all cases we have to make a detourthrough the analysis of stresses and
displacements in a semi-infinite body submitted to an isolated local force P.

--------------------------------------------------------

The Hankel transform in the case of a uniformly distributed load is
N
\‘JCM) = ‘aa 3:_:_(_“__“‘_:2 4:&».
o ™

We consider the resulting load P =1rpa2 acting on a surface whose area
reduces to zero.
ok
. P 3 (anm)
V) = dom 2] T g
o—po o o
4

T X <}>oum

v

9

The relations for the stresses and the displacements are then given, in the
case of an isotropic body, by
A

ol
T = ——E—~ U m Jo (wr) " Am - 'zJ il T ()€™ em
T |l .

o )
- (-2 LW 'zJ e it} iwqoh«.}

~

P 2 22 _ dxr? }
Tar ] (eevh | L (Ree)T
(r) -2 7

- - - ——— — e
(/‘l Y~ py (% ) h (224 r‘l)3/‘2

Unm T (m) €™ dm » 2 J.‘W Je (""")iwidht]

o

P o aQx dxrt ]
“—{ h | LEaeh T e
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o0
Px j ol 3, (war) €™ Fokun

Tra® 7 2|
9
P =2
I ()P
w P 2(+)) a'.}' (wr) £ 25~ Yz () ':V\T (mr)e ™ dm
STawm e ), °° a0
P 2y A _ D e
TTaEm B Ak T oam B @)
A A
A - -2 ~
w= 2 ( - T, me) € ol — Pa_ (11 ) e Ty (M) €™ Fohan
T E ), anm B ),

‘ \/

_? (MR- (Tt la P () _&C

B 2% |1 f( r'l*.q:’-)‘/t - am E (12'5"1) dA
| 2.4.2, Stresses and displacements_under a_uniformly distributed load.
Y The stresses and displacements under a uniformly distributed load can be

obtained by integrating the relations under an isolated load over the
concerned area
‘ AT o P
- <r,,=s J Gt fdedﬁ |
s 9 )

‘ where 03 is given by one of the relations of § 2.4.1. wherein the distance
} r must be replaced by ( ¢ty P‘ - 2rr Los 9)"(’

' 2.4.3, Relations for the stress (¢

- - - - W = e e e e -

L]

The relation for ¢ under a distributed load is given by

0 -m2 A _— ~-mT '

1 Tr= PQJ T‘(MT).-S, (Mk)e dwy - ‘aa) Io(mr)-d‘(hnb\)w'le Am |
Q

~ A
—pa () L T_Ly:‘rﬂ T ma) " m ¥ pa L {_g_:-:r) 3, (e 2)2E™Am |

so that comparing with the expression for the stress under an isolated load ‘

we can conclude that |
|
|

.)"’ P e a
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- e
1.,: PuJ To (mr) Ty (ma) %A m .P_.Jq J ki )Thdfo\g

o aw ° (Ql-v f'+"2- er wnd
I,. J"J 3 A
2t pa vime) Tim ) ma € ol =
f-— hJ“[ 22p _ ‘b'z(r1+r‘.2r‘>m°)-f ol?ow
¥, ('z’+ riypi- erwﬁ)yl (‘11+-r"+\>’-'lrf mO)W‘

A = N \
L,. }MJ CLE TN Fa WA j J B et g0

. (‘-1+ rt_ ‘)_rr b \(7& r‘+r’. 1{r )

9

3/1

- “_ o
.].1,: };o\J M)-Y(M“)’Liwﬁh._. LJ’-‘VJ 1gc\fo(9
T

. (a}*— Fla rz— er mS)

N
Tras o) 3.00) Tlme) 2 b

[ ]

- e 2 . 'k
Is. ‘Paj T, (mr). 3y (o) ma &t = lJ ) 3 (chp?- 2rp mg? f.tlfo\ﬂ
o an (2 ey f‘- 2rp wb) Sh

we _)’Kz(—; 7) J"“ T‘(MrLI(MA). e.'.w:ak

S

(en %5 P W
-po = Jo [Wr)., (ma)

Le b"*J“T——————"W)'m’““’é""du« - —LJNJ& p dp 40
° " aw A (fl‘a—r‘;f’-zrfms)'/"

A
~j2
I} . ‘} m) "Yv (mr\T,(m h] e dh = a%_

9
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B R e e e e R L Y L L R~ R Rk T

e po (PG | Tl oy,
P -

-y () )d T, (mr). 7, (ma) 2 &
|2

L[a‘»— t‘+‘>‘.1rf mb)"l q.) p ,,[(,AQ
o v (d?’.?.rrmb) " (fﬁw’a—f‘-u(m §)'%

-

3 lr) T, L ol g, _»_1
» am

11: [N
FJ

9

A r g a ¥
Iy: pa| T lmr) T mo) 28" o iﬁ_} j 2 (rirpt 2epind) p otp d©
o o Je (22+r’+e7-— 2rp mG)’/‘

P = - R~ R - 2 T T T T

The integrals of alinea 2.4.7. are most easily solved in transforming the
variables O andf by setting
;(:FMG y:yrv'mg ?o\?oW:olxol«ﬂ
One obtains ,
2,1(0.7._‘1) /1

('x’+x‘+ £-2xr) ('XH aot2xe)

. 2
L.- 2w

that can easily be computed numerically.
) 2
T.. L 2 (7' x‘-lrx)[o\’-x’)‘/l :1 e lm))w
oo [AxM+=2x7) [1."+r"+o?-'2xr)"1 [Hoa-wraxt) (Brr-
o
« 2
22 (o~ x?) "

(1z+x‘+ -21xr) (7.2 » +O\1—27‘fyh

- O
D[ aet
!
W Gl 2e) (Fr ey N TN
-0

)

Iy and I, are particular Lipschitz-Hankel integrals that we shall solwe in

v b
aw

next alinea.
I5 can be deduced from IZ‘
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D) A

I,- .ij b, (£'=2x yoezt) s (olx

SR (vt 2xe +ataat)t - (o)A

17 can be deduced from 11.

18 and 19 are particular Lipschitz-Hankel integrals.

2.4.9. Resolution of the Lipschitz-Hankel integrals.

The solution of the Lipschitz-Hankel integrals is given by WATSON (1960).

J‘° e:ak J, (bt) . ‘Jy. (d:) th-‘ou: =

-
v v
(be)" T(p+2) } T, SLIIIH g);\: $ab
ot T(v+a) ‘o

where

W= b - 2be w b

ol
T, ba| Tin) Tl ooy,

r M

L=

TPz aw

T x
2 . R o
=3 JF("»%):’” fx‘>"'w“¥d4>
with (WAYLAND,1970)
1 \~'A
] 22 [ 4_ [4v 2 J
F{A,3/15 23’%> Wt L (' s

2
and Wl o+ - Zurw¢

The resulting integral can easily be solved numerically.
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]
I,- )’.':__EJ T, (me) . T, () dese

9

L
L] F (- ) s

)

1}
Y
R

Py (oo )

18 can be deduced from 13

19 can be deduced from 14;

When stresses and displacements are computed in the axle of the load, one has

I'\: PD*L ‘Jl(.“"“\iw"d’“": o.\[-c?’—:;
(o, B

ﬂ -

A
Is: "“ry—'———————('“‘)'j‘('““)é?:- %-M T, (we) €™ e = =L
v ™mr o
" ~ ML I?_
I, Pas M‘*“‘*@"“# _\f?kJ J. (ma) M€ da = =t
o r .

~
I;‘* )m) l(_mﬂ?&mu)wif“"o{m = o

9
\J olv2?t - 2

A
IQ-.- pa 3 T_‘__(%ﬂe:w'le\hn= -
- x I

T . pa r 3 (mn) 2 € B =

A

A 3 Vi
AR )’“-) .3‘(VMr?Ai‘(“A“J € Mhin = o

.
Ig: pa \‘ T lwar) T () 2€ " on =
Q
To be applicable, all the developments of paragraph.2.4. again require
all the equations to be available in closeform. '

TV
g bt . 1Y
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3. The complete algebraical solution.

We shall develop here the complete algebraical analysis leading to the
different computerprogramsinwhich, because of the particular method that
we have adopted, all the problems detailled above are solved.

But to make the understanding of the method easier we first develop the
analysis, with the necessary comments, for a three-layer system.

This will enable us in the same time to verify the results obtained with
our original method with those of existing programs.

3.1. Algebraical anaysis of a three-layer system (isotropic, full friction).

- e e W e e A R R T e e - -

We consider ja = py= ppy= 0.5
H1 the thickness of the first layer

H2 the thickness of the second layer

We write A, for A‘ml
B, for Baw?

C, for Cim
D, for D
and XK= .___.____.E"(A*Y"\ . Ea

Ea (A4m4) =9

L = E 2 (14]43) - E,
Es(4a+pe) Ea
Boundary conditions at the surface (z = 0):
Tz=p - A+ B,=1
Trz-0 " A-BD+C+D =0
Boundary cqditions at the first interface (2 = Hl’ X = mHl):
Q;A‘e‘a- Be s xC s x D™ Ares Bag s 2 Coel 4 x Do
Tez: A€ = BE"+ C,(x) e+ Dy(Fr)e™ s Apd- Brd™s Ca(4+%) € + D2 (4-3) 7
WA Dy xC e -xD e = K[ Ayt~ ByeXaxCael - x ‘sz—-x)
w: A& D7 C,(1x)e - D,(-x) €= k[Aqs By €y (%)= D, (1-x) €7
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Boundary conditions at the second interface (z = Hy + Hys y = m.(H1 + Hz)): 2
Y -y Y D,e) P oY DaeY
03: Mo + B’y yCae?y yDiel o DBae’+ yls ,
Trz: A - ByeY  Ca (3y)eY  Da(1-9)€T = - By’ - D (a-y)e
oo A_)“I_ b7_£y A C1L7-y Dze:\, = L [‘ Ba':’ -y D3e:7]
s A+ Dol + Ca(a+y)eY - Da(2-Y) el L[® ey 93(4'V)£7]
The boundary conditions can be written in matrixform 4

At the surface
T T
I(A. B, C, D) = (4 ©)

1 1 o o
- )
! -1 } 1
At the first interface - -
M4 (AlB| CIDI) = MZ(AIBQ-CZDZ)

where

At the second interface

My (AaB2CaDs) = My (Bs Do)

We start from the conditions at the second interface and write
(A2®.C.D,) = M. M, (Bs Ds)" (A)
Matrix M3 is very easy to invert: ‘
-2(4+y):/ 2ye” ~2(ary)e) 2ye’
R (T P R T

4 96 _2¢ 28 -2¢
~2e7 -2 2’ 2e

that we write as follows

M;, - _45. Le-y Ma + &YMBQ] ; !

e »~
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with
~(+Yy) Y ~(1+y) Y
o °© ©
M, =
A1 A -4 A -
o o o ©
°© o o ©

o o °
-4 ~4 A
and
Ma = e’ Min
with
\ Y
-) 0-v)
NAI = -L -ly
L L)
so that

T
T -1y

(Azb:C‘LD?_) = ~-'-2- e My My + Mu-Mm](Ba D3)
We notice that the positive exponent e¥ has disappeared

We now develop those matrixproducts necessary to avoid convergency and

overflowproblems. For the others we only take notice of the terms equal
to zero.

So that
b ; +>
(o] o]
M3\'M‘ﬂ = = MN‘O\
+ +
o (]

where the sign + denotes some constant or some linear function of m.

(%)
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| (o)
Maz'M‘i\ = -(4+L ° = —-(4+L>.U|_

and

- T
(Almczm)T: - i'f[el“. My - (A+D)-UL] (33D5) ©)

The term (1 + L).UL will be part of the constant in the final denominator,
constant whose value we have to know to ensure convergency at the surface.

We now consider the conditions at the first interface:
-1 T
(A‘b.C.vD|>T= M1 'MZ (ALBQ_C?_DZ) (A)
Matrix Mil is identic to matrix Mglin which y is replaced by x:

MA - % I_?:x' Mo+ e M.,
1

We write matrix M2 as follows

) °© X o (6} \ © X
X \ o [(1x) © -X o -l o (=%
Mlz € + € o _\/x
Kk o kx © o -k
[ w o ‘\((l“’d

K o W) o

-
c"le ry & M2y

and

-2 2y .
(A|b|cy D.)T___ —-%-L(M“.Mm + M\I'M27~) + M]\- M22 + €. M|2.M2J

-
~(A,151C2Dz) ®

We again develop the products as before:

Bt~ —_ L Te—— 3 -
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A + o +
L) o o o

M:s\-MA‘).= = “311.1
© + () +
(o} o) Q 0
Q Q (I
3> ) ¥ o

M32N‘ﬂ = = “321‘\
o ) o 0
+ o + v

T A - 2\”’\ -\-k?’\ Mu N .T'h.z>
(Aiﬂxctbg = Xﬁ ﬂ3ml*% LYY ST 32

A6 (4= 1) ('\-}M.»)
- -1z ~2(-2)
'Iﬂ-uﬂs\c\ re Mgy ¥ 0 Mg¢
The products Whichywill not converge normally are

2y =2(r-=2)
e .e ~Mazm - Msa6

because it can happen that Yy > b-z
and

Q?\I. Nblqy Msz-Mgl
Cne easily verifies that
Miza - Msre =°
Mnm - Msa Mgy =0

so that the concerned products disappear from the relation.
One verifies also that

Mayr. Msia =

M:»z.z. Msig2 =9

-
r \"\57_.7’\1.2) (B4 D4)
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! [ - (4—7_}‘ i-y) Q
v \ o U.Y.p\,) o
M4 = e
K ) =& (2~dps-y) o
Kk o " (4+~,) )
) ) o l4-7»;*v)
R Q:y o -\ ) Ll‘h}-?)
° ~k ° W (2-4psy »ﬂ
N |y ° -k ‘f\'\’)

QA151C255T=-

41
- 2 .
= *II:‘_F)‘ IMM'MA\ + °~2~'M31-Mz.1 re? My My, ¥ Mn'M"’-]
T
. (Hb%; C} D;)
Mg).M‘” = M)l' MA?. =
‘{'{‘ ° -,<3 o Q [ \ Q
° k, o \(3 o ) () \
* (k\’\““
o ) k-; o 7 ) o o N o
o) o} o [a ¢! °© © ° °

The first matrix is

a constant, the second is a linear function of y.

< - %
4 12,\1 Mb) ¥+ ey Mszl [C’ MAI *’e-'y Ml‘z}(“%bbtbbb)
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© O
L, L, o a
M5 My = * 2(L|-L{)
Q (o] ° °
0 L, o o
where

L= "‘2(4“2);;5) - (4+L)
L7-= -aL (_4-2}:«4) —(4+L)

Ly 4 1)_\(4-&»4‘) - L. (4—41»3):)

T -2t -2 —?.U:-z)
(,Ab%.écqu}) = “4’6_“;;) \f Mg *© z”s\ez ve _ Mg 7 MH'M“]

. (Bada) (s<t )

The three first terms of the expression between brackets converge normally;
the last product M52'M62 contains a constant and a term, linear function of z.

We now write the conditions at the second interface in matrixform:

= T
(Aio,cimf - MY ML (A3B,Cy D)

) =(dpaey) - () - (%)

% 4 Y © °© o )
G -
4(4- }n) . . ) .
i ° o o
[~ Q o (o)
Y
- __4____ e -(4- y) (‘1— Ar, »y) L1¥1.7) 'l."'%““/)
Al a-pr) . . . “
1
b " - - ‘ S




4 (2-4putt) 1
I N v Y VR i
Mc = e\A }‘“) ¥ ;1 4
L L\'I—A}«uf) L
L L{2-4patt) ~L
(A,s,c,m) \ Mey + €M) €
y
Msi M = Msi¢
Ms\-MH_- Msmz
o
Ms, M¢y = o = Ms2¢)
(o) (]
+ ¥

1.R.47.

(4- ’).)q.n.)
(2p-2)

~L(2-Apa +2)
- L(a-2)
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w: Aatz— %3&?2 - C; (ZaAr\ 3-Z)QZ-D3(2—4).5-)1)62: 4

Lw [Ase® - Byc™ Cu (2-4ps-2) €= Do (24 yuz)izj
Wi Ayl B2 4 Gy (4+2)e" -, (2-2) %
L ‘_A;,J‘ v BACR s O () - D (sz)[zJ
Boundary conditions at the bottom (z = Hy + Hy + Hy + H,):
wi  Aset - Duet -0, (_7_-4)“-\:)@}" Ds [2- dpss )i Fzo
InTrpe . Cu=o0.

In the equations of the conditions at the third interface, A4 is replaced
by its value taken from the fixed bottom ndition:

AAe,t = %Ait » Da (1-.4“,‘ +’c)e:t

We write the conditions at the third interface in matrix form
. -9 T
(AD bb C5 Db) = M5 . M ¢ C Bl' ‘DA)

For simplicity here, we take Tw=F _=F, Ww=¥us\, Lw=lu=L !
so that R, = Ry = Ry = 4 |

~(#2) -(2- 4y Q) {2pr2) - (Auly.s-’l)

-2 ) o [~]
-4 ©
Ms = - A R A
‘(A'\*") A - A -1
0 © o o ! ‘
o (o] 4] 4] : !

T O N G S N RN | I
“em) : 0 . .
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Boundary conditions at the first interface (z = Hl):

G A+ B.E" -0 (A-2p) + D (A-2psx )€ s
A » By L Cy(A-Zpax )i+ D (A-z,“u)c."‘
Tez 0 A -Be™ + C (2 +x)e* + D, (2p—x)e =
A = By Ca(2prtn)e” + Do (2o %) ¥
W AJ-BET L0, (2-4ppx)e =D, (‘I-A\..*")‘:x-'-
Fv [Az‘—’(- Byt _C, (2~Ay1—x>ex— D, (2-4pa +X)CXJ
W A B 5O () =D, (4-x) s

Fp\ [Azif"* Dze:x y C, (_44")"" -9 (4-") Ex

Boundary conditions at the second interface (z = Hy + H2):
G AR s DY ZCa(A DY)+ Da(A-Dury)e s
Aye? + ByeY - Ca(A-Zes-y) e » Dy (4-2pn34y) e’
Tra: Al - By +Cy (2pary)e” Da(2pe-y)e 7
Aot - Dael 4 Cy(2pary)e? v Dy(2pay)e/
Wi A L5y - Cy (2-Apa-y)e? - D2 (2-4p sy)e) =
W [ AseY - ByY —Co(2-dpy-y)e” = Ds (2-4ps +1)¢ ]
ke Ajel » Be? & Cy (4*\))9,7 - D, (4—y)e"’=
i [ A+ Bys” 5 O3 ()oY = s (+n)7 )

Boundary conditions at the third interface (z = H1 + H2 + H3):

A)&z > &3!:1 - Cg(_/\-Z)\s-Z)zz > Dy (.A-Z),-s sz)e.,z:

T2 -
A‘ch ¥ bl.t—,z -04("’2%#1) e,z » N (_/\—ly«[,i'l)?:z
Tra: Aye® - D™ Cy (2r3+z)e,z ¥ D;(_:zk;—z)e,"‘:

Ae®- B, EF v Ch(2pa+2)e” 4 D4 (2pa-2)€*
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3.2. Algebraical analysis of an isotropic four-layer system with
fixed bottom.

In this analysis, we choose as fixed bottom condition the one described
in § 1.2.2. (w = 0).

We write

i A= At Bi= Bim® Ci=Cim = Dimm
W, B, (a+p1)

Fu = E, (4+ta.) Fu

13 2 (A+Y\\) Ei(’\‘?’h\)
Kwa Ezeﬁ-yﬂ kk = Ra Ei(""}“b\
Ea (4+y1) € {.4+)»1)
Lwa E2l0rrd) L = o E3(r)
E, (4+W»1) EL (4)3)
A= Y‘n“‘

y = w( W+ Ha)
Z 2 w (H,x 4y + H3)

' Y= wn (W +H.+ B3y Ha)
W= -2+ 2

where Hl’ HZ’ H3 and H4 are the thicknesses of the four layers.

Boundary nditions at the surface (z = 0):
PER A+ D ~Ca(4-2p) + D, [ 2p) =4
Teg = A,—B\ *Cq.lp\. #D'Q‘“‘gq

|
f
1
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E1=100000 U1=0.50 H1=10.00 A= 10.00 P= |.00
E2= 10000 Uz2=@3.50 HZ=20,00 R= .09
" E3= 1009 U3=0.50
l****************&****4**********!******i************%***i&i**il*{**ikiiﬁillllﬁll
S # SURFACE # PASE * SURFACE * CASE s SURFACC »
r * * COUCHE 1 # CQUCHE = # COUCHE = s COUCHE 3 #
IS FE ISR SEL SIS SRS S S SIS RS LSS LS RS SR SR ERS LT ELE S SRS IS S S SRS RSEE R RR SRS SRS NEE B
#*CONTRAINTES VERTICALES » #* +Q.247002% +0.247002% +0.029472% 40,0547
2222 22 SRR 2RSS E R RS SRS RS PUEESEL R RS SRS RS S S SR ERAR SRR NER R RE RS SRR RYR R K]
*CONTRAINTES RADIALES * * ~1.864850% +0,035817% -0.:204340« +0.006071#
ill**l**{?***************ﬂ**i*********i!*ﬂ%*i**&*lkli***idiﬁ!f&*niIihﬂlhn*ida4:-
*CONTRAINTES CIRCONFER. * * ~1.864850% * ~0.204340% +0.0060%1
i ES LT EL I FESIELESIESL I PSS PSSP L E S LSS ISR ELE P ES TR RSN FREEE S SR ES R EEEE NS ERSNEREREENEN N
*FLECHES *+2. 183E-03% * * * [

LR RS E XL L2 XSS SRR SRS s s s ¥R Y E SR SIS SR ERERRSS S SN EEEEREE RSN

Table 1. Stresses in a three-layer system (BASIC Program).

RESULTATS DANS L*AXE OE LA CHARGE,

€12100000, U120.50 H1210.00 Az 10,00 Pz 1,00
E22 10000, Y220.50 H2220.00 Rz .00

E32 1000, U320,.50 ’

SURFACE  BASE SURFACE BASE SURFACE
CCUCKEL COUCHER COUCHE2  COLCHE3

CONTRAINTES VERTICALES  # .247002 ,207002 .029472 .029472
CONTRAINTES RADIALES . «1,864850 L035817  =,204340 «006091 {
CONTRAINTES CIRCONF, . -1.864850 .035817  =,204340 006091 |
FLECHES «0022 . . . * |

Table 2. Stresses in a three-layer system (FORTRAN 77 Program).

Tl D g 50 , A
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First we have computed the stresses in a three-layer isotropic system with
a program written in BASIC and for which the equations had been developped
in complete closeform (VAN CAUWELAERT, 1983).

The accuracy of this program had been checked earlier with the results
published by JONES (1962 ).

Then we have written a new program in FORTRAN 77 based on the developments
presented in paragraphs 3.1.1. and 3.1.2. and calculated with this program
the stresses in the same three-layer system.

The results obtained by the program in BASIC are given in table 1, those
obtained by the program in FORTRAN 77 are given in table 2: we notice that

the agreement between both is perfect. |
The complete 1listing of the FORTRAN 77 program is given in appendixi !

The matrices are dimensionned and upbuilt in the beginning of the

program. The variables x (=mH1) and y (=mH1 + mHZ) are introduced in the
matrices by instruction 214. The products between matrices are carried out
in the same instruction 214 by calling subroutines 800, 810, 830 and 860.

i
;’.
P
!
!l
!
!
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----------------------------------------------------------

We notice that the values of the parameters given by (10) and (11) all converge
normally, except for parameters B1 and D1 which contain each a constant in

the numerator:
4 (’H'k)(d%-L) + 4dqa

%- (A+ W) (a+ L) B, = -44— (4+k)(4+L)

[y (+ 1) . (D). dag
\ v

The influence of this constant can be eliminated as indicated in § 2.3.

Here it is nevertheless easier to eliminate Bl'

From the boundary conditions at the surface, we have
BA = A -~ A4
The relation for the deflection at the surface is given by

We -PaJ T(:A 4*‘*' LA - B, e

= -—Pa-% r Ji (ma) (A- lh.) dwa
' ™

2po ,J:_j T A (12)

©

= —»o\ J;-(-T—ald

o~
\ | J‘ o W
A L 2pa A——L"E' ) _____.-(':'h ) At

= —PD\"E-:

The first integral of (12) is solved analytically, the second one converges
fast and safely during the numerical integration procedure.

T e el




-
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The parameters Al’ Bl’ C1 and D1 are then obtained from (6)

A‘ = - -:T { (4+k)£2y [n3|‘” (\)\) B3 + Ma“” (hi) D3]
"(4-!» L) £1x [M“rl\_ (\,') Ba + M"21L(|:7-) D&]S

B,= -1—{ (1¥x)(1+1) By + 2:2(‘/"‘)[74‘2“ (29 B3 + Mizs (22) Di‘} (o)

C,=-~ ﬁA_ { (4+k);7-v [M-,\‘,. (20) Bs + My, (22) D;]
+(4+L)€2’ IMnnL("") By + Mu22L (2,2) 93}}
D = %{("“‘)(’"Q D3 S0 [_H.,_;.. (4 By + Man (A.l)D;]S
Parameters A,, B,,.C, and D, are obtained from (3)
Ayn -%ély [Mara (4. B3 > Moy (42 D3]
B, = 4 (+ L) B, (i
Cy=- %_-f:l\l[?’\mm (»1). Py + Mau (22 DJ]

Dl = %(4-»\_3 D‘g.

|
|
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Ay gz |
I rv1z\1a\ = ( \)
Qg a1 1
MN| b
I-anm = ( 1)
ba, b22
Cn G
I Mu22L = ( )
C2, <

The terms aij’ bij and cij are the results of very simple computerprocedures.
We can now write (8) in extended form:

2 ~2(y-x) —2x
[(zﬂ»k)(:\ﬂ.) - (/\+k Oy €& 4 + by - (4+L).cu-¢.2 ] B.‘b

- ~2y- -2
} [—- (14 k).o\,z.cly + blz-e—zw x)_ (44\_) -Gy & X} le = 4

\-:(“k)("*\‘) - (k). Ql\":ly > \Dzr;z‘y-x)- (4+L).cz\-:213 B,

e (R an €t b S ey en Dy = o

.
We write this ;
[(41-\()(?\-&1—) + dn].ba 4+ dll' D&' A
‘__(,Hk) (4+L) + du] B_} + [('\+k)(" ‘\’L) +> D\n} DS = O
where (1 + K).(1 + L) is, as a matter of fact, a constant and all dll’ d12’
d21 and d22 converge normally. ‘
Finally one obtains ; l
B 4 (1K) (a+L) + Ad2a D 4(a))(4+D) -4 0 .
3= 3= - :
v v |
where !

Va [(“u)(m.)* r (AW (e + iz v o\\\.du-du.va ‘

- N + . ¥

e L - . . .
g

R 5 I3 L N
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Miaz- My, = ©

o o*
| + +
Mua- Maa = = My
o [}
+ +
o+
0
Muza. UL = © = MimalL
- o+
0 o

M\?.’Z)-UL = O
so that

-2
(A.B.C. D.)T.- -2—’- ‘.(4+k)(4+l_). UL = (ke ylmaun

x T
+ S 0Mp, - (4+L)e-2 M,,nL](B3 3 (6)

The positive exponent o2 has again disappeared together with the highest

negative exponent e 2(¥ * X)

Finally we consider the conditions at the surface
T
I(A»C D) = (4 o) | ®
We replace in (7), (A1 B1 C1 le'by its value from (6)
-2y -2(y~x)
AT [(4+k)(4+L).UL - (Mr¥x)e My, +e Mua
4

— (a+L) eth- Mina L] (B Ds)T = (n °>T

®

Grk)(1+ L) T.U = (a+R)(a+1) (_A_‘ :)

|




) (¢ O O

. o) } o o
M!I'M,_, + Mn_.le = - (‘1‘.“‘) o | o - -('H-k)Uk b

=) o |

© ) )
Hll' M‘Ll = = M2
° + o +
o o 6o o
(w) o o ©O
+ (&) + (+]
Mn.-sz = = MI?.ZI
o o ©
+ o + ©

We replace in (5), (A2 B2 C2 DZ)T by its value from (3)

2

~2x 2x
(A'b,ctbl)T‘z :‘z*— [-(4+k)~Uk +e . M"-lz > € M"22|} .

-
(€7 Mot = CA+LYUL] (B3D3)

-1
= % (4+k)(.4+l') UR'UL - ("“’k)e 7 U\(.M3|Q|
= ~2{y-x
N e"J.(.\/TX)anz' Maiy +e o . )Mn1| . Ms‘m
. . | T
_(4-»\.)9:2?‘ Mu22-UL -(»HL)?Z M2y ‘U\_J (53 P3)
Uk UL = ! © = UL “

(s) 0 g ‘
o ! | !

Ue. Moy =

c ©t O %

o t+ ¢ ¢+




LY

The product we are interested in for later computation is

(Mbl'MA\ + M32-M1¢1> : (MSI-MG'L) =

o Q © ©
w.l, ¥ily + Kyl ° L1
I Y ('k.-k:)
(=} k} Lq_ o] Q
[ = °
° \ )
+ ZLL.-L;) 4 \,2 (ﬁk"‘ﬂ) O-I“L‘l)
) o ©
) o - O

I.R.51.

This product contains a constant, a linear function of y and a linear
function of z. The term, function of y.z, a nonlinaer function,disappears.

The other products are

» ¥y
Mag. Mszq) = = Na
¥ ¥
A+ Q
N
My Ms2Mer = [ ° ° | = Naq
» +
Q O
Q Q
= |* + = WV
Mag Mo =
1Y Q
>
N\

,,,,,
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Q o
- + V
szln- hS\\z = = 3
S ©
+ >
+ +
(Mm-?'\zu s MypMan) Msia = [ S 2 | = Ny,
3> »
o o
+
(M‘M-M‘n ¥ Maz-ﬂwz)ﬂsnl = | o ) = VMg,
. > ‘
i
] ) !
o )
Q’\NMM + Mbl-MAz)- Y’S‘lm = + s = 7‘/44 5}
o © |
+ I'
j
i I
with o o . . |
|
> + - [ [} ;
Nat = Nz'l. N :
0 © ¥ |
|
+ + [ o "
The final relation becomes :
'
T A ;
(Ar9:Ca D) = _ .
Ab (_A—)n)(»\—ks} ‘3 ‘
L
. 2 -2(r-y) L
Lgy_;zm L R '™ |
- -2
N ,_—’-&z“/)_ Nya * g"‘i Vay * % = VNag
T
¥ £1L¥-1)N44 ¥ NA'\J (B4 .D;,) (&o\.ﬁ)
- - IIII" “l .

-

el
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Next we write the conditions at the first interface in matrixtorm

(A‘ Bv C\ Du)T =

X |
M1= e
F
F
Q
- ©
y €
o]
0

(Apco)-- 2
&AW
A

g e m——

44w

A * [ -0
- e . .
A (-A’ r\) ©
-1 -l \ '

\“\-l‘. M, (B 8.Ca Dz)T

I e B s R G e

Q L) =] o
M's -2 o |
4(&-\“) ) - 1 = /

Q o (o]

{2-4} . +%) (2p-%)

) =(4 Y] o
© \_‘2*.1*\-)() o

o =F(2-dp=x) °
o £ (arx) o

\ o (A~ Yo #1)
-t © (2p1%)
-F ° -F(Z- by ¥ x)
F o -F (4=

Le-,{ M. %—Qf V\n_].lex “1.\ + Q:X M’Uj (Azh{:, Dt)-r

I
[Y\\\ 'nZ\ + ?:1‘ ““ n 12 + Z-)‘ Mll'“z. + n\l”\.l} (Az&tctbt)

- AT A e 7

|
']




e e -
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K ° -% o o o |\

° , o Fa o > ©
+ X (F\ - F‘L)

1) [ F-z (=) -] © o

© © ° T2 © © ©

o 0 [ o
o *+ ©
Mu. Mz, = il = M
o © o° o
+ Q ¥ O
(ﬂ tb c D)T- - _________A_—-—‘"‘"‘—- . n\\-ﬂll > ﬂn_.
VI = & =
ba (a-pa (b (44)
-2 -1y ~2(*-y)
&_ily. CIU ?Nn v ¢ Ny *+ ® Ny
- - -2
¥ C_ILz 7.>W|3 +* el". sz y e . Nay

. e—lkr-z,)N,A + NN‘J (%" DA)T

Yy

X

May + n\\u'~ rMiu e

;}-

|
!
!
|
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The products which will not converge normally are
1

Ax -1(\‘.
e &™) Muu Ma24- Mavay

r s - -
Q, ‘.zlt y) Mian- Maw - M2
2 c~z/?'-1) Muw (“3\‘M‘H + Mu.Ml.z). Msa
because that it can happen that x>y
or X > z-vy

or xS Y-z
and
e—u» Mz {szﬂtn * Mu-Mtn.)- (MSI-MN.)

One easily verifies that

M|11‘. M‘sl‘“ =V
Mz (M‘M.MM + MH.-MA‘L)' M50 =9
M\lll . (M'}\' Ml-l\ ¥ H32~ MA‘),) . M,-)_. M“L =9 .
|

so that again the concerned products disappear from the relation.

The product, we are interested in for later computation,is

[MILM'“ + ﬂ)).m‘l}[‘l\a.Mq. » MJ)_.MQI)[’MS'L Ml.'l -

© © © o
L

Bkl,  FlalysFlgla rTalale | y(k-wg)[ © o Tike
° ° O o . .
o $thLl g ’
o O i ;
° Waila
x x(F -T2 v+ zZ(L-l) | ° Rt -7 ,
° ° ) o - M !

i ° ° O
One has Flelsy + Rlalz + F\gl, = -‘{1\‘«\\_,?{ (A-dpe - Wl (A-L}..ﬂ




AL
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One verifies that the products

~
Mn‘n.- N v = °
Miuaa,. Vi = s
The other products are
o )
' * r )
(M'\'Mli ¥ M\)_-M-n)- NA'\ = o o = TAl
+ ¥
b !
(M\rnl\ ¥ M)‘L-H‘ll)- Ny = e = 13
- +
' o o
L ¥+ +\ o 9
3 . !
' Mnn' Nﬂi" ° ° 1= Tz,; Mau- Vz‘. = * = n; i
+ + 0 © ;
|
| ° Q y ¥ | ‘
|
and finally |
A
. T | ‘
| H Tbnc\b\ = -
| (» ) 64 {a-jor) (A p2) (-1 3) ‘
| !
: -2{r-2 -2 -2\ T-y -2{2-y) oo
-1Y -2z -2({*-2 2 2~y
re sz Yy .T-)_g‘ ¥y (' .)T“. + & . ( ?TBZ ’ ’
]

“h -7_ 7-‘7 -}‘ -Z“"~z -m ——
;o +e .z,\ )T}3 +e . Moy v+ &7 I j [

2y-®) = -2y~ —2(¥ |
¥ ez'h ’).‘0.10- Z?TA, ¥ ‘Z(Y ",) Tu o {z[ :). Taus f

*"-2(2-‘)-"7.1. + Tn](bz. DA)T (~).3)
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Finally we considerthe boundary conditio s at the surface: 3
L ) () T T
. (ﬂ;h\tlbl) = (A °)
) -\ 2y rAY )
that we can transform into
A ‘ b=l ()
64fa- )+ p){a-p3) ( V- gy 2,
r Cwn v © ) |
T T
Ca 2 . du  dy ‘ (%a DA) = (A o> J
' Cy, e Q -] ;
‘ {
§ | Cy Cu ° dy J ‘ ’j
Extending matrix (d,.), equal to T,., we obtain T
i 11 i
} ‘ Ca G i :
' i
A ' \ - (4 CRR LY I PN {
_ I
G4 (4 o) ) ers) | Vo= - 2. Cyn O |
| Cy Cy4r
- !
Fh L, L] RL (a-dp) » Tt o) |
+ . f
“Ra L, -1 [Tl (A-dra) - Tk ] o
)

o | T
+-L‘ (F-F)wala *Y(,k-‘k") Fla v Z(L"L“) F'k'] ( o ") \(-h' D“)Tz (\ °) ’ '!
|

B )

3 — e e

T &
‘>'
e
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This last relation can be writtenin extended form 4

Lc“ O G W) Y (4-')_),“)(;‘“ ¥ ?.R.L.] 1LY3

4-{&1 + € (A=) Cap + (A-Yn) Car + _'iLF,L(.L, (A-4pa) + rlu,)_i)
B- ) (A-p) (2-13)
64

+x (R R )l + ¥ (- W) Rls +z{L.-L,_)F.k.} -

[c., ~Cqy » 2.',.. Cay + 7—}«4 Cuwv - F.k'.l-»] By
P )G -Caq & 2}.. Cyr + 24 C4 - \T LF‘\\-.L. (4—4)«-4.) ) P Lz]
-X(F\““:ﬁ) WL - V(\K.—\('L)F\Ll ~2 U_\-L,_) F‘\(‘\] =9

We can write this system as follows

(Y\n + F\k\LA BA ‘-{ hr)_ > -\I- LF\\QL. ("\—I-c)-j') ¥F1.‘<1.L7_J re f(x\/ z)TDA = | ‘
(A (act) (a-ps) ;’
64

(ny, = Rl L) By + )hn_ - L[ R, (a- 4y ﬁkLLz} -{-(xyz)}DA =

where all "13’ converge absolutely normally and f(xyz) is a linear function
of x, y and z.
Solving this system, we obtain ! ,
4—\4-‘\-)“’5) ) " 2 - xz.:]_. / ,l
B“= - () ( 6: (-r {hti‘?Lﬁk‘L'(A 4}&) 71\(1.\-1.] f‘(." )} v |

D4 = (4""‘)(" Y“)["‘L&) ‘.“u - F Mk J >
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w ™

where

v= Ny- N1 —hpeay  * Fonl, (”\1—*"'“-) -FL"I‘) (nn + wy)

-y, J; S_ﬁk,\-. (_A- A\»A) "?tkt"a ~ W1, 31. LF.\\'.L, [4-1.)»&) > 'F,_lﬁl.ﬂ
R AR LF. WL [A- 4pea) -Ftka.ﬂ S ATA Y Y_F‘ WL, [4-4py) *Tt\ﬁ_\.ﬂ

+ Fll., f—(xyz) - Bwl, H"‘l") , ‘

V= {' (v, iz M2 V‘u) + Fwl,.Takla

The linear function f(xyz) has disappeared in the denominator.
The function f("ij) converges normally so that the 1imit value for the

denominator is a constant:

—LM V = .F\\(\L\ 'sz‘l\—‘l

m-—>e

Y.

1
-1
-
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3.2.3. Values of the parameters Ai’ Di'

At the bottom of the first layer, parameters Ay and C, are factors of the
positive exponent eX. Parameters 81 and D1 are factors of the negative
exponent e~ X,

Thus when computing stresses in the first layer we have to input at least
two positive exponents which necessarly will lead to overflowproblems.
Therefore we express in the program next modified values of the parameters
Aps By, C; and D;: A€, By, C.e”, D,.

Then if we have to compute a stress, let us say at a depth 2x/3, we multiply
the parameters Al.ex and Cl.ex by the negative exponent e'x/3 and the
parameters B1 and D1 by the negative exponent e-2x/3 and avoid, in doing so,
all overflow problems.

The values of the parameters Al’ Bl’ C1 and D1 are given by (sol. 3) of §3.2.2.
To obtain the values for Al.ex, B> Cl.ex and D, we split (sol. 3) into
two parts:

(A o o o)+ (o B )

- & by, D4 T
DI i J (B >4

We notice now that the matrices Tli and T4i contain nothing but zeros in
their first and third rows, so that

T [\ s -+ ©

Ty - (24 Da) = [* *l( D)= |°
-] Q Q

+ + +

and that the matrices T2i and T3i contain nothing but zeros in their second
and fourth rows, so that

+ 4 +

—_ T T
ly - (B4 D“> = © ° (B4 Dh) = °
+ + +
o o ]
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Thus the values of A and ¢ depend only on the matrices T,, and LEYE 1

This has to be so, because only the exponents multiplying the matrices 4
21 and T31 do not overflow when they are multiplied by e~.

The exponents mu1t1p1ying the matrices T11 and T% could overflow when

multiplied by e*: for example, the exponent e-z( 2) multiplying the 1
matrix T14 if x) 2(t - z).
We obtain then

(A o C, °>'T= - ? . {
Q4 (A=) (4-pa) (A-p3)
2 -X\ ~2{rz {2y -x ~|2r-% ~{2z-xX ‘
[. iy 20— ) Tt ‘(27 ?Tn *1(2‘— )-Tn + ’-(2 -) Taq !

re e 72(r=) ' Tas + €. EQ(I’Y)T e e-z(".z) Ty + € T ][B" D")

A i
) () (-13)

[0y, Sy sy Ay o
— |

- - - )
+£1(7 x)T"Z > 62("—!)""43 + e zl'z ;‘)TIM ‘?'T"}( &" DA)

(¢ B D) 2 .

We follow the same procedure for the param:ters A,, B,, C, and D, and obtain
from (sol. 2): }

" |
AC[a-pr, A-P3) -
.11\'-7? N ':Lzzﬂ/? Yoo (31. DA)T ?

T
7(A1 Q Cz Q) =
[-é\/.e:i('hz? N,, + <’ Nap + &

A

A [A-pr2) (A= 3

(Q B, o Dz)T:

) -2(y =) : T
[;l(hy). Nia + e-'z(z Y? Viy + ¢ L Niy + N"} (ba D")
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Finally we obtain for the parameters A3, B3, C3 and 03(501. 1):

T ~l-2) .
ez(“b o Gy °) - . '[J Moy * e Mgz (B4 DA)’

T -2 k-1
(Q 33 Q 33) z - - .I-Q,’ll' -)HS'LH + MSlMﬂj (BA DA)

The vertical deflection at the surface is given by

\Vz:—‘FN)OES;bMT);?}GmA)_ 4;:? E-A,-ﬁ%.-fle.td—lyu) -2D,(4’2+“>j§dA~u

The parameters B1 and D1 do not converge normally because they contain a

constant in their numerator.
Utilizing the boundary conditions at the surface, we express then B1 and D1

in function of Al and CI:
Boa 2+ A (2AR) 2 ARE (A28
D= A4- 2A + Ci (A-4p)
so that
A -b, -2C, (4-2) =20 (4-2) = |
~2(4-p) [ 4= 24, > 2C, (4-2,,.)}

and

Wa @ pa J“ Iu(mr).T.(Ma)- one
E, A -

N A
i, A(A:),P&). 2D TN A - (290 e

The first integral can be solved analytically (§ 2.3). The second one
converges absolutely normally.
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e e o = e O S R e e e v e e e

We compute, for example, the vertical stress at a depth 0 H{ Hl‘
Its value is given by

0‘2,“ = Y"‘ 5 J. (mr) 3 (m u) {Arzf‘. e

~(x-wh -w B
_ C\-zx. (A— 7-}«.-\\»-\'!). e'(," la )* D, (4_2*“““)4).5

l,(..mﬂ) N B'i\““

JEP

If the value of H is very small (if we compute a stress near the surface),

~mH i converge very slowly.

the values of Bl.e and Dl.e

We know from the preceeding paragraph that

8™ 2™ A e ap ) T A G (o P

PR SV -
R Y TP LN R P YOI bl

So that

- wlt

B\EL‘”H; D, (A~ 3 wub) € =
—H -
GHM®£“~2AGHMHF*J¥ C,@—AM+MH—Ath)cMH

We write then

A
T2y =< Ptxj Ja (mr). T, (mw) I \J‘ ELX—MHZ c (4- 2 ) e—;h-yh)

~wH ~wmH
)€™ - 28, L) ¢ 2;..+ml+-A},‘mH)€WHJC4AM

We can again split this integral into

A M
0:_» = ?c.) -\YQ LMV) 3\ (Mo‘) (A'F IN\H) éw daaa

* P )..Su (). Ti{me) | AL 08 (g ) o)

-~ H) .
=2, ) 0 i) )

!
{
|
‘
i
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The first intergal can be solved analytically (§ 2.4), the second one |
converges normally.

Of course the same procedure can be applied for the computation of all

other stresses or displacements.in the first layer.

- - a8 . = - R e o e e e o e e = e e e an -

Normally one should not have numerical problems in the computation of
stresses and displacements in the second layer, except for the case that
the first layer should be very thin (which can happen with overlays).

H mH

The terms Bz;e'm could then again converge quite slowly.

The solution is then obtained as follows.
We write

A Y% » DA)T
Bg\ = B — . A4 (2" ) 2'2')( 4
16 (4- p2) (a-13)
where N;;(2.1,2.2) are the first and the second term of the second row
of matrix Ny,.

D, - 2 Ny (A1, 42) (Ba" Da) "
AG(A- ) (a-p3)

and Dz.e

Da,

I

W)A-pwr Y- +lxy2 A .
BA\ - 84 - (4 )‘)?‘ }“)@ l‘5) %%_[Ek‘]_‘(,\__[,rl‘)..?1\(1).13—‘[\[ )3 7

¢4
= BA - Baz
' - —‘ 1
Du = Dy + Zrdf-ry( k) Foe L, S
A 4 ol 5
= Dy +Dur
£
M (2, 2.2) = (k\L| Wly + Wala by (w-W)La + 2 (L‘-Lz)\r) : 'i
Nn(_li.l,‘-!-‘l) = ( Q k1L1>
. I S S —
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We split then (B4 04)T en write

A T \
= Na (29,2-2) (b, D r [® Dtn)
Ba= Bay v 16 (- pOf-py) (2 ));( w D) (b —)
= B, + By 1 Ny (20, 2.2) (Ba2 Dz.z)T
= 21 M (4,‘;;1)(4—}‘ 'S)
T
Da= Do+ —o——Ma (4,42 ) (B0 2D+ (P vz.z)J
6 (A— ) (4-)»5)
T
=D + Dag + A — - Ny (40, 42) (Bu_ th)

A (4— W) (4- }*’5)

We notice that the terms 821, 822, 021 and 022 converge normally.

+
B1y= k My (21,22)( %2 Dm) o
(A wa) (1) .
At [ A TRk (rodpa) - Blala) + :(x\,z)‘s A
4 {_’3[ T ‘ v
Fo L
- /';_}2_‘_ Sk‘Lb + Ly, + y(k.—km)-Lz ¥ Z(L,-Ll}k.\ o
- \
= AP Ll {:‘—2- [F (a-hps) ~F2) > = t\:,—h)} =
T
Day= % W (40, 42) (Bua D) =

VoA pr) (A-F)

._A_-_f‘— leQ‘Fik\L)' A

We split now
V: V| -+ T‘,L\’,L,-?zk-n.l-z

where V‘ Converges normally.
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We divide then the numerator by the denominator and obtain R
B2 _ A'F‘ ' 3‘: LF\ (/\— 4 r&) —‘Fz) + X LF.-Ft)
3 4 FF.
. - . V.
A i%[?' (2~ 4 s ".F") rx (% F”)} !
4 ¥F,.V

The first term can be integrated analytically (§ 2.4), the second
one converges normally.

& \A
A~ A
‘Dl‘b = - 4 { T2 Y.V

PR R PR e P e e PP L] e T X TR R g TRl = Y

Following the same procedure as in the preceeding paragraph, we obtain

(4-,,“)(44&1) 2 [Fw (4~ Aps)-?zkﬂ »{F-F) W »y(w,-k,yr.

. B
‘ 27 1k W.F, . v R
o R ) {3 TR (- ) R xRN e} 9, :
é 16 Kk wahk V |

> by (A1) 2N ] 4
335 = A4 F-2 W, Fa ka 4 '
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APPENDIX
Three-layer elastic system
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